Abstract: This paper aims to characterize the minimal dimensions and super-dimensions of faithful representations for the Heisenberg Lie superalgebras over an algebraically closed field of characteristic zero.
Introduction
Throughout F is an algebraically closed field of characteristic zero and all vector spaces and algebras are over F and of finite dimensions.
Ado's theorem says that every finite dimensional Lie (super)algebra has a finite-dimensional faithful representation (see [1] ). Let g be a Lie (super)algebra and write µ(g) = min{dim V | V is a faithful g-module}.
It is in general difficult to determine µ(g). In 1998 Burde concluded that µ(g) = ⌈2 √ dim g − 1⌉ for an abelian Lie algebra g and µ(h m ) = m + 2 for Heisenberg Lie algebra h m of dimension 2m+1 (see [2] ). In 2008 Burde and Moens established an explicit formula of µ(g) for semi-simple and reductive Lie algebras (see [3] ). In 2009 Cagliero and Rojas obtained a formula µ(h m,p ) for the current Heisenberg Lie algebra h m,p (see [4] ). One can also find the formula µ(J) for a Jordan algebra J with the trivial multiplication (see [5] ).
However, every little is known about the function µ for Lie superalgebras. In 2012 Liu and Wang determined µ(g) = ⌈2 √ dim g⌉ for any purely odd Lie superalgebra g (see [5] ) and it remains open to determine µ(g) for an abelian Lie superalgebra g with nontrivial even part. In this paper, we shall determine the minimal (super-)dimensions of the faithful representations for Heisenberg Lie superalgebras.
A two-step nilpotent Lie superalgebra with 1-dimensional center is called a Heisenberg Lie superalgebra. Then Heisenberg Lie superalgebras split into two classes according to the parities of their centers. Write h m,n for the Heisenberg Lie superalgebra with 1-dimensional even center Fz and a homogeneous basis (u 1 , . . . , u m , v 1 , . . . , v m ; z | w 1 , . . . , w n ) with multiplication given by
. . , m, j = 1, . . . , n, the remaining brackets being zero.
Write h n for the Heisenberg Lie superalgebra with 1-dimensional odd center Fz and a homogeneous basis (v 1 , . . . , v n | z; w 1 , . . . , w n ) with multiplication given by
the remaining brackets being zero.
Both h m,n and h n are nilpotent, which are called Heisenberg Lie superalgebras (see [6] ). Note that h m,0 is a Heisenberg Lie algebra and h 0,n is isomorphic to the Heisenberg Lie superalgebra given in [1] , whose even part coincides with 1-dimension center. However, the Heisenberg Lie superalgebras with odd centers, h n have no analogs in Lie algebras.
Hereafter write g for h m,n or h n . A main result of this paper is
To formulate the super-dimensions of the faithful representations, write for i, j ∈ {0, 1},
In this paper we also determine the values of µ i (g) and µ i,j (g). • for g = h m,n , the super-dimension (dim a0, dim a1) must be (m, ⌊n/2⌋);
Minimal dimensions
• for g = h n , the super-dimension (dim a0, dim a1) has n + 1 possibilities:
In particular,
Proof. Since a does not contain the center Fz, there is a Z 2 -graded subspace k containing a such
It is clear that B is a non-degenerate bilinear form on k. Since a is abelian, B(x, y) = 0 for all
. Suppose g = h m,n . Then dim a ≤ m + ⌊n/2⌋. Let b be the subspace spanned by
if n is even and by
if n is odd. One can check that b is an abelian subalgebra of dimension m + ⌊n/2⌋ of h m,n and b does not contain z.
Clearly, a0 is a B-isotropic subspace of k0 and a1 is a B-isotropic subspace of k1. Since B| k0×k0 and B| k1×k1 are non-degenerate, we have dim a0 ≤ m, dim a1 ≤ ⌊n/2⌋. Note that dim a = m + ⌊n/2⌋. It follows that dim a0 = m, dim a1 = ⌊n/2⌋.
Suppose g = h n . Then dim a ≤ n. Let b ′ be the subspace spanned by
Clearly, b ′ is an abelian subalgebra of dimension n of h n and b ′ does not contain z. Hence,
From the definition of h n , one may easily find abelian subalgebras not containing z and having the indicated super-dimension (i, n − i) with i = 0, . . . , n. The proof is complete. Lemma 2.3. Let V be a faithful g-module. Then there exists a nonzero homogeneous element v 0 in V such that zv 0 = 0, which induces a linear homogeneous mapping
Let a = ker(ρ v0 ) and b = im(ρ v0 ). Then we have the following conclusions:
(1) a is an abelian subalgebra;
. . , t} are linearly independent, where x 1 , x 2 , . . . , x t is a homogenous basis of a ′ .
Proof.
(1) It is clear that a is a Z 2 -graded subspace of g, not containing z. Assert that a is an abelian subalgebra. To show that, suppose x, y ∈ a. Then [x, y] = 0, since [x, y] belongs to the center Fz and zv 0 = 0.
(2) Suppose dim a = ζ(g). Assume in contrary that v 0 ∈ b. Then there exists an x ∈ g0 such that xv 0 = v 0 , since v 0 is a nonzero homogeneous element of V . Clearly, (h m,n )0 is a solvable Lie algebra. Since [u i , v i ] = z, by Lie's theorem, λ(z) is a nilpotent endomorphisms of V . For h n , z is odd. Therefore, x / ∈ Fz. Moreover, it clear that x / ∈ a. Then by the maximality of a, we have [x, a] = 0. There must be some y ∈ a such that [x, y] = z. Since x ∈ g0, we have
using that yv 0 = 0 and xv 0 = v 0 . This is a contradiction. Hence v 0 / ∈ b (3) Since a does not contain the center Fz, the conclusion is obvious. (4) Let k 1 , k 2 , . . . , k t be scalars in F and {x 1 , x 2 , . . . , x t } a homogenous basis of a ′ . Suppose
This shows that k i = 0, i = 1, . . . , t. Thus, {x i v 0 | i = 1, . . . , t} are linearly independent.
That is,
• µ(h m,n ) ≥ m + ⌈n/2⌉ + 2;
• µ(h n ) ≥ n + 2.
Proof. Assume that λ : g → gl(V ) is a faithful representation. Let v 0 , a, b be as in Lemma 2.3.
That is, µ(h m,n ) ≥ m + ⌈n/2⌉ + 2; µ(h n ) ≥ n + 2.
Theorem 2.5. We have
Proof. By Proposition 2.4, it is enough to establish a faithful representation of the desired dimension for g. Consider the even linear mapping
given by
is presented as
. . .
where
. Now it is routine to verify that π is a faithful representation of dimension m + ⌈n/2⌉ + 2.
Consider the even linear mapping
,
It is routine to verify that π ′ is a faithful representation of dimension n + 2.
Super-dimensions
In this section we discuss the super-dimensions of the faithful representations for Heisenberg Lie superalgebras. We first establish a technical lemma, for which we shall use a result due to Burde [2] : the formula µ(L) for Heisenberg Lie algebras. Proof. Note that (h m,n )0 is a Heisenberg Lie algebra. Obviously, V0 is a module of the Lie algebra (h m,n )0. If v 0 is even, then v 0 ∈ V0. Since zv 0 = 0, V0 is a faithful module of (h m,n )0 by Lemma 2.1. According to the minimal dimensions of the faithful representations for Heisenberg Lie algebras [2] , we have dim V0 ≥ µ((h m,n )0) = m + 2. Similarly, if v 0 is odd, then V1 is a faithful module of (h m,n )0 and hence dim V1 ≥ m + 2.
Theorem 3.2. Suppose V is a faithful g-module of the minimal dimension µ(g). Then
• For h m,n , the super-dimension (dim V0, dim V1) has 2 possibilities:
(m + 2, ⌈n/2⌉), (⌈n/2⌉, m + 2);
• For h n , the super-dimension (dim V0, dim V1) has n + 1 possibilities:
Proof. Let v 0 , a, a ′ , b be as in Lemma 2.3. Since dim V = dim g − ζ(g) + 1 and dim a ≤ ζ(g), we have dim g− ζ(g) ≤ dim b ≤ dim g− ζ(g)+ 1. It is enough to consider the following two cases. For g = h m,n , by Lemma 2.2 we have dim a0 = m and dim a1 = ⌊n/2⌋. Hence, dim a
For g = h n , by Lemma 2.2, dim a0 = i and dim a1 = n − i, i = 0, . . . , n. Hence, dim a ′ 0 = i and dim a ′ 1 = n + 1 − i, i = 0, . . . , n. Therefore we have dim V0 = i + 1 and dim V1 = n + 1 − i, where i = 0, . . . , n.
. . , n − 1. Therefore, we have either dim V0 = i + 1 and dim V1 = n + 1 − i, or dim V0 = n + 1 − i and dim V1 = i + 1, for some i ∈ {0, . . . , n − 1}.
Up to now, we have shown that:
• For h m,n , the super-dimension (dim V0, dim V1) has at most 2 possibilities: (m + 2, ⌈n/2⌉), (⌈n/2⌉, m + 2);
• For h n , the super-dimension (dim V0, dim V1) has at most n + 1 possibilities: 
It is routine to verify that π is a faithful representation with the super-dimension (⌈n/2⌉, m + 2).
For h n , consider the even linear mapping
It is routine to verify that π ′ is a faithful representation with the super-dimension (r+1, n−r+1) for all r = 0, . . . , n. The proof is complete.
Recall that for i, j ∈ {0, 1},
Theorem 3.3. We have
Proof. Let (λ, V ) be a faithful representation of g. Evidently, It follows from (3.6) that µ 0,1 (h m,n ) = µ 1,0 (h m,n ) = m + ⌈n/2⌉ + 2.
Let g = h n . By Lemma 2.2, we have dim a ′ 1 ≥ 1. So, if v 0 is even, then dim V1 ≥ 1; if v 0 is odd, then dim V0 ≥ 1. On the other hand, if v 0 is even, then v 0 ∈ V0 and dim V0 ≥ 1; if v 0 is odd, then v 0 ∈ V1 and dim V1 ≥ 1. Then by (3.5), µ 0 (h n ) = µ 1 (h n ) = 1.
It follows from (3.6) that µ 0,1 (h n ) = µ 1,0 (h n ) = n + 2. 
